



































































































































Let f a b m m where

a b m M E IR with acb mam

Consider an interval partiion D of a b

P E par a b in symbol

P a do xn In b

Ii Iz In abuseof notation

where Ii 1 i 1 2 n The

upper lower Riemann sums of f w r t P are

defined by

Ulf P ET Mi III Milki

Mlf P mn l Ii M i i

where M sup f
x Kt Ii

mi inf
2 i n

The upper lower Riemann integrals of f a b

are defined by IT
it I 4 respectively






































































































































If influff P Peparta b

Iaf supfulf p lg

or use RJ f Rifat when

we need to compare emphasise the

approaches of Riemann Lebesgue

Aws
i Ulf P Ulf P Peparta b
ii mlb a ult P f If Ulf p M b a

peparta b






































































































































Hi ulf P Ip f P ult p
pep

iv Ulf P p
v

Ulf P Ulf Q P QEParta b

Hunt Lookat

Vi If PÉP with P P say
a's X

then
O ulf P ult P M m 11PM

where I Pll maxle Ii 0 1,2 n

P Ii U 1,2 in 0 0,1 in

ie IPII max 2m i 1,2 n

viii If P P with Pip N EN

then of ulf p ulf P N M m IIP
d

Ulf p Ulf P N.CM m 11PM

Pope






































































































































Hit for i Ii i pi a v x x

Mi inflfa at I

mi inflfa 21 1 Ii

mi inf f EI

Then
ulf p ulf p mil Ii mil Ii Mil Ii

M Ii 1 ml Ii

Ml Ii m Ii M m d Ii
M m PII

d
Viii If ftp.ia f D ftp.ikatg P

and Jf inf Ulf D lip Ulf P
PtPalais

by definition
Hnit Fruthe 2nd line we have to showthat
E 0 Peeparta sit finer

155 Ulf P KE Kpartim P Pe






































































































































To do this let 70 Then bydef Petparta b sit

UH Pal Jfte
defof Jt

Then parta b 7 P Pe one has by link

Jf Ulf P Ult Pe It E

so holt

ix Jf lim Ulf P
11111 0

If limulf P
11pm 70

H ir the 1st line let 0 It suffices to
show that 870 such that

Ulf P Jfk KPEPartablwitallplkd.UA

K5iiETo do this let Ʃ 70 and take Pe as before
Let N Pe and let 8 0 be sit

NIM m S C E
Let PEPart D with IIP 1k 8 Then






































































































































by Vii one has
r

Jfessulf.pe 7Ulf P.uPel3UlfP NEMmHP

becauePuPe P Pa

hydeff If

Jftze Ulf P Jf d

Ulf P Jt KZE
valid for all P with 11711 a 5

Let B a b consist of all bounded real valued
function on a b Then f g c β a b

Jetty Jf 5g 11

fty 19
2

Iff Jtf Jef cJt f It c o

If t Jt thensang fER a b Sf 15 55 By
definition and one has fH Sf bilinear
monotone and If It if f f on a b A with
A E N






































































































































Hit fr x ForCD lute o Then F P Q 1Pariab e t

Ulf P Jt e

U g P Jg E

and so

Ulf Pup f Ulf P Jf te d

Ulg PUP Jg E

Consequently y pl check via O neg
Ultts Pu P E UUG Pup UIS Pup

Jtg ZE
and

Below is a revisit of
Jf lim Ulf P l im Ulf P

Pepartab 11P1 o

d

f t limalf P Iggy tipPepariah

with thedefinitionsof limits

l l im Ulf P means HE 0 F
pepartaib

Peepartaib sit if pepartab with P2P
then ult pl e k E






































































































































I l im u f p means H E o

11171170

78 o sir if peparta b with

11Pll ed then

ult pl LK E






































































































































Let Eso Sme Jf inf U f P Peparta b

F T.tk
Jf E Ulf Pe for some Peepar 9 b
so If Ulf Pe Ulf P P Pe

Jf
showing that limU f P bydefoflim

p p

Further let Ne partitionpts of Pe and

let 8 family where f a b m m EIR
with me M we g

Then PE par a b with 11711 25 one has

5ft E Ulf Pe Ulf Pupe
U P Ne M m 111711 see Lemmmabelow

applied to POPE
U P Ne M m 5 In placeof p

U P E so

If 22 U P If






































































































































showing that

U P 55 422 valid

for all Departa b with 1 PIKE
i im U P Jf
1P1 0

Lemma Let partitions P P
s t P P NE N Then
of U P UCP N M m IIP 11

ProofofLemma By MI it suffices to

showfor the case when N 1 To do

this let us repeat the standard notation

for partition P






































































































































P a sco se c size Knick b

It Iz In abuseofnotation

Let p P u x say
K E int Ig Xj is x's og

So
I I VI where Ij Ej

Ij x K

Mj Max fee KE I
Mj Max fill KEI

Mj Max FX E Ij
Note that

mitralETE
Ulf P Ulf Pulse's I

Mj l I Gil Ij's Mj l I

L M l Ij M l Ij t m l Ij
M m l I I M men 1 Pll

provingthe lemma for N l






































































































































Remark Similarly for It and ulf p
Osu f Pulse's n f p g42 s x

jl Ijltmj l Ij ng l I

mjlltjltmj.CI Mj l Ij It mjelI

M m l I f M m lip11























Vibration Functions 

fola inf ftp.UEVray roo
8564 up flu

e Volin

1 fret f
trt fit 1ms

supf Hwise

I niff
bybisectionprocess

Note Take iteratively a seq
Pn of partilins of 0,1 sit

Pn Put Knew
I Pulls In then

so linm Ulf Pn Jf Uff Pn In

limulf Pn f f Pn In

Let Pn IT I I and take
two step functions Yu Yu 0 m m

sit 4ns f 4h such that 0 1,2 K

Yn Mi mint interior
Un Ma on into I



say In m at all partition printsof Pn
n m

Then syn ult Pn
Syn Ulf Pn

Let
i MEN 1 0,1 2

Then
4n f and Xn F on X

where at D by definitions

It sup folic So from inf fin UVM E

and

IN injffy.se fk.ttsuplsa.UEV.ME D

Indeed but not X Then n no int I
for some i e 1 2 2 take 870 sit V66 EI

Notethemthatflag sup f eVlad MY Yn o and

it follows that I flan than Yned Thus
we arrive at

Icao Yuko Knt N
to

Ie inf ans new



Conversely 870 some ne N s t In 8

For this n Xo tint I for some i as

before For these n and i one has
I Velo

because

x ok l I far xeI

Therefore

mplf9 ae I mp fa even
ie

4 Mi Fca

This implies that
int Yield 1 1,3 3 Yue flagSince 870 is arbitrary this implies
inf Yield 1 1,2 I o

so equal by the earlier


